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Abstract 

We investigate examples of quasi-spectral triples over two-dimensional 
commutative sphere, which are obtained by modifying the order-one 
condition. We find equivariant quasi-Dirac operators and prove that 
they are in a topologically distinct sector than the standard Dirac 
operator. 
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1 Introduction 

Noncommutative Geometry offers a new insight into classical differential geo- 
metry of spin manifolds. The Gonnes' Reconstruction Theorem, which under 
certain assumptions is proved in [5] and has been recently extended [Ij pro- 
vides the equivalence between the spectral triples for commutative geometries 
and the geometry of spin manifolds. 

In this note we investigate what happens if one relaxes one of the axioms 
of the spectral triple construction by allowing the order-one condition to be 
satisfied up to compact operators. This step is motivated by strictly noncom- 
mutative g-deformed situation. In the case of SUq{2) [HI E] and the Podles 
equatorial quantum sphere [7j it was found that the order one condition and 
the commutant condition can be satisfied only up to compact operators. It 
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has been conjectured that for commutative geometries similar weakening of 
this axiom shall not lead to any significant change apart from small (com- 
pact) perturbation of the Dirac operator. In our example we show that this 
is not true, in particular, the spectral geometries obtained in this way are 
topologically distinct. 

For the two-dimensional sphere we determine a class of examples of equiv- 
ariant quasi-spectral geometries. Using the local index calculations we prove 
that they pair differently with an element of K-theory and therefore are mu- 
tually inequivalent. 

The two-dimensional commutative sphere has been a favorite toy-model 
for description of noncommutative geometry but rather in a local (coordinate) 
description [SIE]. A g'/o 6a/ approach was first used by Paschke [10] and could 
also be easily obtained by taking q = 1 limit of the algebraic description of 
Podles spheres. Our work is partially motivated by an attempt to make sense 
of the classical limits of spectral geometries obtained for g-deformed spheres 
in [12]. 

2 Spectral Geometry of the Sphere 

We follow here the construction of equivariant spectral geometry as described 
in [TTj. The symmetry, which we use is the enveloping algebra of su(2), with 
generators L^,L^ satisfying: 

[L^,L'] = TL^, [L+,L-] = 2L\ 

We work with the commutative star algebra ^(S*^) of polynomials in A*, B, B*, 
satisfying the radius relation: 

A'^ + BB* = 1. (2.1) 

The generators of the polynomial algebra A, B, B* are the spherical harmon- 
ics of degree 1. The action of the su(2) Lie algebra on the generators is: 

L+>fi = 0, L->B = -2A, L^>B = B, 

L+>B* = 2A, L->B* = 0, L^>B* = -B*, 

L+>A = -B, L">A = B*, L^t>A = 0. 
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2.1 The equivariant representations 

Let V;, / = 0, |, 1, denote the 2Z+l-dimensional representation of the Lie 

algebra su(2). The orthonormal basis of each shall be denoted by \l,m), 
m — —I,— I + 1, ... ,1 — 1,1. The representation p of 5u(2) on is: 

L'^\l, m) — Vl — mVl + m + l\l, m + 1), 
L'^\l, m) ~ Vl + mVl — m + l\l, m — 1), 
L^\l, m) — m\l, m). 

We recall that for any algebra A on which a Lie algebra I acts by derivation, 
the representation tt is l-equivariant if there exists a representation p of [ such 
that: 

p(£)7r(a) = 7r(£ > a) + 7r(a)p(£), (2.2) 

holds for all a G £ G f on the linear space V. 

Since wc know the representation theory of 5u(2) we shall decompose V 
as a direct product of irreducible representations of su(2): 

I 

We have: 

Proposition 2.1. For each N = 0, ±|, ±1, ±|, . . . there exists an irreducible 
unitary representation of A{S^) on the Hilbert space Hn, which is the 
completion oJVn-' 

OD 

1= N\ 

which is equivariant on Vn with respect to 5u(2) action. The explicit form 
for T^n on the orthonormal basis \l,m) G Vi, is: 

TrN{B)\l,m) =^J{1 + m+l){l + m + 2)ai |/ + l,m + 1) 

+ V(/ + m + 1)(/ — m) Q!° |/, m + 1) (2.3) 
+ {I — m){l — m — 1) al_-^ |/ — 1, m + 1), 

{B*)\l,m) = - ^{l-m + 2){l — + 1) a'l \l + l,m — 1) 

+ x/(/ + rn)(/-m+l)af |/,m-l) (2.4) 
+ y/{l + m){l + m-l) al_^ \l-l,m- 1), 
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'KM{A)\l,m) = - - m + + m + 1) a/" \l + l,m) 

+ ma;°|/,m) (2.5) 



H — — m)(/ + m) a^-^ |/ — 1, m). 



where a'l' , are 

ao(/) 
«+(/) 



AT 



/(/ + !)' 



A^2 



(2.6) 



(/ + l)V(2^ + l)(2^ + 3) 



Proof. The proof is mostly technical and we only sketch here its main points, 
especially since parts of it are equivalent to the Wigner-Eckart theorem on 
su{2) irreducible tensor^. 

First, using the equivariance (12.21) for we see that 7r(yl) does not change 
the eigenvalue whereas it{B),7t{B*) change it by ±1. Then, we deduce that 
for X = A,B, B* and for each / we have: 

Ti{X){Vi) C Vi^i®Vi®Vi+i, (2.7) 

where (a priori) we can have multiplicities on the right hand side. To see 
that (12. 7p holds, it suffices to study the equivariance rule for p{L^Y for a 
suitably chosen n. For instance, ii X = A, then using the equivariance we 
verify that: 

p((L+)'-"+V(A)|/,m) = 0, p((L-)'+™+V(A)|/,m) = 0. 

Therefore 7r(74)|/,m) must be in the intersection of kernels of p(L+)'^™'+^ and 
p(L^)'+™+^ with the eigenspace of p{L^) to the eigenvalue m. Therefore the 
result (12.71) for X = A becomes clear. 

The equivariance rule for allows us to fix the m-dependence of the 
coefficients in the expansion (12. 7p . We again use the example of A to illustrate 
it. 



{l + l,m+2\p{L'^)7v{B)\l,m) = Vl - mVl + m + 3 + m+l|7r(S)/, m), 
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where we used that {L'^)* = L . On the other hand, using equivariance: 

(/ + l,m+2|p(L+)7r(S)|/,m) = + m + 2|7r(5)p(L+) |/, m) 

= V/ - m^/l + m + 1 (/ + l,m+2|7r(5)/,m+l). 

By comparing these expressions, we see that = {l + l,m+l\n{B)\l,m) 
must satisfy: 

Btm^l + ni + ?, = i?,-!™+iV/ + m + l, (2.8) 
and is has the solution: 

= Vl + m + Wl + m + 2 a+. 

Similarly we find the other remaining coefficients. 

The recurrence relations for af' and ai are obtained from the sphere 
radius restriction (12.11) . The freedom in the choice of the free parameters in 
their solutions corresponds to the choice of the smallest possible |A^|, whereas 
the sign of fixes the sign of A^. □ 

2.2 Equivariant Spectral Geometry 

To construct the spectral geometry following the axioms [3], in addition to 
the equivariant representation, we need a Z2-grading 7 of the Hilbert space 
and the reality operator J, satisfying JD = DJ and, 

Jl = -^J, J' = -l, 7' = 1, (2.9) 
with the equivariance condition, 

p(£)7 = 7P(^), V£gsu(2), (2.10) 
Jp{i) = -p{i)J, Wi e su(2). (2.11) 

It follows directly from (12.101) that 7 must be diagonal with respect to the 
chosen basis on Hn- Additionally, if it commutes with the representation tttv 
of Ai^S"^) then it must be either 1 or —1. The Hilbert space with which we 
construct the spectral geometry must be a direct sum of at least two spaces 
Hn and TC'j^ with 7 being ±1 on them, respectively. 

Further, the existence of an antilinear equivariant isometry J, fixes |A^| = 
|A^'|. This is so, because the commutation rule (12.91) requires that J is the 
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isometry between H.^ and Ti'j^. Then the equivariance condition fl2.11l) re- 
quires that J must map |/, m) to |/, — m), for any but this is possible only 
if |A^| = \N'\. 

It remains to fix the representation (or, in other words, the sign of A^, A^'). 
This follows from a further requirement, the commutant condition: 

Jtv[x)J = 'k{x*), 'ixeA{S'^), (2.12) 

which leads to the solution Ti = Hn © 'H-n, N > 0. We shall denote the 
basis by |/,m, ±) G 'H±n- So, our spectral data so far consists of H, the 
diagonal representation of .4.(5'^) on it and the operators J, 7: 

-f\l,m,±) = ±\l,m,±), (2.13) 

J\l,m,±) = i^'^\l,-m,T)- (2.14) 

Observe, that only for a half-integer we have the signs of a two- 
dimensional spectral geometry, whereas for an integer value of A^, we have 
the sign relations corresponding formally to a six- dimensional (mod 8) real 
structure. 

2.3 The Equivariant Dirac operator 

We assume that D is a densely defined symmetric operator, equivariant with 
respect to su{2) symmetry, and satisfying the commutation requirements of 
spectral geometry in dimension 2: 

DJ = JD, D-f = --fD. 

It is easy to see that any operator with these properties must be of the form: 

D\l,m,±) = d{l)^\l,m,T), (2.15) 

where {d{l)^)* = d{l)^ are complex coefficients. 

The most important restriction comes from the order one condition, which 
in its exact form reads (for commutative geometries), 

[[D,7r(x)],7r(t/)] = 0, \/x,yeA{S'). (2.16) 

Proposition 2.2. The order one condition is satisfied exactly only if N = ^ 
and d{l) = {1 + |)rfi for any di 7^ 0. For the same form of the Dirac operator 
but different N the order one condition is satisfied up to compact operators 
IC{n): 

[[D,x],y]elC{n), Wx,yeA{S'). (2.17) 
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Proof. We verify the order one condition on the generators A, B, B*. First, 
looking at the coefficient at \l + l,m) of [B*, [D,B]] \l,m) we obtain that in 
order for the to vanish we must have: 

{21 + 3) d+{l) - {21 + 1) (t{l + 1) = 0, 

which can be satisfied only if d{l) is: 

d+(/) = di •(/ + !). (2.18) 

However, putting that back into the expression we obtain that [B* , [D, -B]] |/, m, +) 
does not vanish identically but is: 

\B\\D,B\\ ,m,+ =Adi- — — — , , ^ — ^ ,m,- . 

^ ' ' (2/-l)(2/ + l)(2/ + 3) I ' ' / 

Although this does not vanish we can easily see that then [B* , [D,B\\ is a 
compact operator. For large I: 

\\[B\[D,B]]\l,m,+)\\<2\d,\\m^ 
Similarly, we check other commutators, for instance: 



r.rr^niii, \ , -mV/ + m + 1(4A^2 _ i)(2m + 1),, , 
[A, [D. B|l |/, m, +) = -4 (4p_i;(aH.3) ^1'' 

and we find that one can always majorize them by C}, hence (EHZD holds. □ 

Note that the modified order-one condition does not enforce the coefficient 
i in the formula (12.181) and could be replaced by an arbitrary coefficient. 
This freedom in the choice of this component do does not play a role as it 
is a perturbation of the Dirac operator by its sign. It appears however, that 
for the choice we have made, the formulas simplify significantly. 



2.4 The properties of the quasi-Dirac operators 

We shall briefly discuss the properties of the quasi-Dirac operators we have 
found, for an arbitrary A^. For simplicity we fix di to be 1. First, observe 
that apart from the ffist 2(A^ — 1) eigenvalues, it has the same spectrum as 
the standard Dirac operator and therefore the asymptotic behavior of the 
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eigenvalues is exactly the same. In particular, \D\ ^ is Dixmier class and its 
Dixmier trace is: 

Tr^|D|-2 = 2. (2.19) 

Clearly, all commutators [-0,2;], for x £ AIS"^) are bounded operators (it is 
an easy exercise to verify it), therefore, from the point of view of the local 
index calculations, for each we indeed have a two-dimensional spectral 
geometry. 

2.5 Local index calculation 

To get insight into the presented construction we shall explicitly calculate 
here the index pairing between the K-homology element represented by the 
construction of the spectral geometry and a chosen element of K-theory using 
the Connes-Moscovici [2] local index formula. 

Let us recall that having the spectral data we can explicitly assign to the 
spectral geometry a cyclic cocycle from the b-B bicomplex. For the interest- 
ing case of a two-cyclic cocycle for the two-dimensional spectral geometry we 
have the following even b-B cocycle: 

0o(ao) = r_i(77r(ao)), (2.20) 

02(«o,ai,«2) = ^To {-f7r{ao)[D,7r{a,)][D,n{a2)]\D\-^) . (2.21) 

where Tg is defined as: 

Tg{T) = Res,=oTr {z'^T\D\~^') . 

The paring of the above cocycle with the projector e depends only on the 
class of (/) and e: 

([0], [e]) = {2m)' {Me) - 202(e-i, e, e)) , 

where the coefficient is chosen so that the pairing is integral. Choosing e 

_ 1 / 1- A B \ 
^~ 2\ B* 1 + A J ' 

which is a representative of a nontrivial K-theory class of the sphere we have: 

0o(e) = 0o(7r(eii)) + 0o(7i"(e22)) = M^) 
= -r_i(7) =0. 
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and 

2' 



2le-i,e, e)= ^ 02(eij - e^-fc, Cfci). 



i,j,k=l,2 

The calculation itself is a technical and rather tedious task. The crucial point 
is the following result: 

I J2 (vr(ei,-) - |%)[I^,7r(e,fc)][D,7r(eH)]) |/,m,±) = ±A^|/,m,±). 

\i,i,A;=l,2 / 

(2.22) 

from which we easily get: 

Proposition 2.3. The pairing between the Chern character of the spectral 
geometry {A{S^),T-Cn © 'H^n-, D) and the element e of the K-theory is 2N. 

Proof Using fl2.22p we explicitly calculate the paring: 

(27rz)2(((/)o>2),e) = i2ni)^ (^^(e) - 202(6- i, e, e)) 
= -{2nif^2NRes,=oTT{\D\-^-^') 

= -2Ni2my^^TTU\D\-') 

= 4A^(27r)^— ^ = 2N. 
^ ' 2(27r)2 

where we used further the relation between the residue and the Dixmier trace 
as well as the result ( ]2.19p . □ 

Observe that as a byproduct of the calculations we have verified the 
Hochschild cycle axiom of the spectral triple, as one can easily see from 

It appears that the calculation of the explicit formulae for the nonlocal 
Connes-Chern character using the Chern character in periodic cyclic coho- 
mology, for a two-cyclic cocycle is also possible, although it is (obviously) 
more complicated. Taking F = sign(D) we have: 

$2(ao,ai,a2) = ^Tr (7F[F, 7r(ao)][F, 7r(ai)][F, 7r(a2)]) , 
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After long calculations we obtain: 



I 



Tr Yl ^^[^' ^^^1 ^^^1 ^^^1 = ^ ^ MTn^ 

\ij,fe=l,2 / l=N,N+l,...m=-l ^ ' 

/~ 2^ + 1 \ 

so the pairing, which could be calculated as (— 2)^2(e, e, e) becomes: 

($2,e) = -2$2(e,e,e) = 27V. 



3 Quasi Fermions and Differential Operators 

In the previous section we have demonstrated that the Dirac operator Dat 
belongs to a different topological class. Now, we can ask, what would be the 
physical properties of fermions whose dynamics would be governed by such 
quasi-Dirac. If we want to pass from 2-dimensional physics to the real world, 
it would be sufficient to extend the spectral geometry in the radial direction. 
The appropriate Dirac operator is: 

D = j^drr + ^DN. (3.1) 

It is easy to see that the only significant difference would be the change 
in the eigenvalues, as the spectrum of the quasi-Dirac operator Djy starts 
with N and not i. Thus, for a solution of the Dirac equation in a central 
potential we shall have the dependence of the energy levels on the angular 
momentum slightly different as in the standard case. The lowest angular 
momenta up to — 1 shall be absent from the energy spectrum. A naive 
physical interpretation of that might be that we have a description of fermions 
with spin different than |, thus raising questions of relations with the Rarita- 
Schwinger equation for spin | particles. The difference between the two is, 
however, fundamental as our quasi-Dirac is necessarily a pseudodifferential 
operator and therefore the Dirac equation is not a first order differential 
equation. 

The quasi-fermions might be, similarly as the usual ones, charged, thus 
interacting through a U{1) gauge potential. Interestingly, since the gauge 
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potential correspond to a one-form and these shall not commute with the 
elements of the algebra, we shall obtain a mildly noncommutative gauge field 
theory. This shall also cause the gauge strength to contain terms quadratic in 
the gauge potential, thus leading to self-interactions of the gauge field. Since 
the order-one condition is obeyed up to compact operators, in the spectral 
action the terms shall appear as next-order correction with respect to the 
cutoff energy scale. Nevertheless this mild type of noncommutativity can 
bring some interesting new effects, which we shall study in our future work. 

The classical equivariant Dirac operator on the Riemannian sphere, which 
corresponds to the = 1 situation described above, gives a representative 
of a K-homology class. The standard method to obtain representant of the 
remaining classes is to twist the Dirac spinor bundle S, by tensoring it (over 
the algebra of functions) with a nontrivial line bundle E over the sphere. 
Then, the twisted Dirac operator, De, is associated to the tensor product 
connection: 

V = V5 ® 1 + 1 ® Vij, 

where V5 is the spin connection and V^; is a connection on the line bundle 
E. (for the details of construction, explicit formulae and properties see [13], 
[9j and references therein). 

The twisted Dirac operator De is again an elliptic, self-adjoint Z2-graded 
differential operator and from the Atiyah-Singer theorem |lj we know that 
the index of depends on the Chern number k of the line bundle E[k). 
Thus, twisting by inequivalent line bundles we obtain inequivalent Fredholm 
modules and thus different representants of K-homology group of the sphere. 
However, we can easily see that the construction does not resemble our case. 
Indeed, the Dirac spinor bundle 5" is a trivial one, constructed as a direct 
sum of two bundles of Chern numbers +1 and —1, S = E{1) © E{—1). If we 
tensor by a line bundle of Chern number k, we have: 

S ® E{k) ~ E{k + 1) © E{k - 1). 

In our case, however, the generalized spinor bundle was different, as it 
was E{N)(SiE{—N), which is only stably equivalent to a trivial bundle, thus, 
the quasi-Dirac operator cannot be related to a twisted Dirac operator. The 
explicit identification of the basis of the linear space V^v (which we used to 
construct the spectral triple) with the sections of the line bundle of Chern 
index (monopole harmonics) is discussed in [TU [H] . 
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Of course, having the pseudodifFerential operator D^, one might look for 
its principal part, which should be of order one. This, however, shall neces- 
sarily be not invariant under the rotation group and therefore breaking the 
rotational symmetry of the system. Hence the conclusion is that (apart from 
the case = 1 it is possible to construct and describe nontrivial topological 
sectors of fermions on the sphere (and therefore also on M.^ \ {0}) but only 
using pseudodifFerential operators and slightly extended notion of geometry. 

4 Conclusions 

We have shown that within the framework of noncommutative geometry 
it is possible to construct nonequivalent spectral geometries on the two- 
dimensional sphere. The results open several possibilities. First of all, it 
appears that the modification of order-one condition has more profound con- 
sequences than it was believed. In this context it would be nice to answer 
the question how the exactness of the order-one condition fixes the choice of 
the spinor bundle and the Dirac operator. 

To study the analytic properties of the quasi-Dirac operators and to see 
whether there might by any differences from the classical case it shall be 
advisable to find the local (coordinate) expressions for the corresponding 
pseudodifFerential operators. 

Our result has also some implications for noncommutative geometries. 
We have shown that for the two-sphere from each of different K-homology 
classes it is possible to obtain unbounded Fredholm modules, with the order- 
one axiom satisfied up to compact operators. These are the q = 1 limits 
of Dirac operators studied for quantum Podles spheres [12] and are in the 
noncommutative worlds not easily distinguished from the deformation of the 
usual spectral geometry. 
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